In this work we study the energy evolution of the number of muons in air showers. Motivated by future plans for UHECR experiments, the analysis developed here focuses on how the evolution of the moments of the distributions of two shower observables, the depth of the shower maximum X max and the number of muons on the ground (N µ ), can be used to assess the validity of a mass composition scenario, surpassing the current uncertainties on the shower description. The cosmic ray composition is an essential ingredient for an astrophysical interpretation of the data. However, the inference of composition from air shower measurements is limited by the theoretical uncertainties on the high energy hadronic interactions. Statistical analyses using the energy evolution of different observables, like the moments of the X max and of the moments of the N µ distributions, can provide an efficient method to overcome these limitations providing more reliable information about the cosmic ray abundance. A new technique is presented here to generate a large set of simulated shower observables minimizing computer processing time. Fast algorithms to simulate the longitudinal development of the shower (i.e. CONEX) have longbeen available. However, the N µ is measured along the lateral development of the shower, which implies that three-dimensional simulations are needed (i.e. CORSIKA). This paper presents a parameterization of the main shower characteristics that can be used to simulate the number of muons on the ground using fast simulation algorithms. The parametrization was used to predict the evolution of log 10 N µ moments by possible hypothetic mass composition scenarios.
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Introduction
The determination of the nature of Ultra High Energy Cosmic Rays (UHECRs) is presently one of the biggest challenges of this field. The main difficulty arises from the fact that the primary composition, which is expected to be anything between proton and iron, is determined indirectly through the characteristics of the shower that was induced by the interaction of the primary particle with the nuclei of the atoms in the atmosphere. The measured shower observables, for instance the depth at which the shower reaches the maximum number of particles (X max ) or the number of muons that reach the ground (N µ ), are then compared to the predictions from simulation in order to infer the primary composition.
However, these simulations rely on the description of the interactions that occur during the shower development, in particular high-energy hadronic interactions. The latter are expected to carry large uncertainties as there is no first-principles theory to describe these interactions nor available accelerator data at these energies and kinematic regimes to constrain phenomenological models.
Hence, the ability of these simulations to predict the absolute value of the shower observables for a given primary depends on our knowledge about the shower description. Moreover, systematic uncertainties on the energy reconstruction can affect the determination of the primary mass composition at the given energy.
One way to overcome these uncertainties is to look to the evolution of the shower observables with energy instead of analysing only its absolute values. This kind of differential analysis would be, by construction, independent of constant shifts on the energy or on the absolute scale of the shower observables.
Naturally, these kind of studies imply in performing a huge number of simulations over a wide range of energies. While this is not a problem for the X max , which can be simulated with fast 1D hybrid codes, for important observables such as the number of muons on the ground, which have to be simulated with full Monte Carlo, this can be computationally very demanding. Although there are hybrid codes that try to create shortcuts, mainly by the introduction of cascade equations at some steps of the shower development, the resulting computation times and storage size are still very challenging for a full exploitation of this kind of differential analysis.
In this paper we present a novel method that allows us to generate a large number of simulations for the number of muons on the ground. This is done by building a parameterization that relates the number of muons obtained with a fast 1D code with the one experimentally expected on the ground by a full shower simulation.
To show the power of such a method we consider two possible mass composition scenarios and present the predictions for the evolution of the moments of the distributions of the number of muons on the ground. Finally, we draw conclusions about the obtained results.
Method to build N µ distributions
In this section we describe the method used to generate the N µ distributions for a given primary. The main idea is to convert the total number of muons in the ground with energy above 1 GeV given by CONEX [1] showers (N CX µ ) to the number of muons which is experimentally observed (N exp µ ).
The conversion algorithm is created using CORSIKA [2] showers to parameterize the relations between N CX µ and N exp µ . CONEX is a hybrid simulation code which combines full Monte Carlo, for high-energy particles, with solutions of one-dimensional cascade equations to describe the showers. This makes it much less computationally costly than CORSIKA, and therefore, the parametrization proposed here becomes an efficient method to generate a large set of simulated N µ data. N exp µ is defined here as the number of muons with energy above 0.2 GeV that reach the ground at a distance between 500 m and 2000 m from the shower core. This choice is motivated by the design of the current cosmic ray experiments, like the Pierre Auger Observatory [3] and the Telescope Array [4] . The limited axis distance comes from the granularity of the detectors arrays, which does not allow the measurement of the full lateral distributions of particles, and the energy limit comes from the usual threshold of scintillators and water-Cherenkov detectors.
The conversion of N CX µ into N exp µ is done through the following relation:
µ , where R is a quantity that should be determined for each primary and depends on energy and X max . Figure 1 shows the factor R obtained from CORSIKA showers as a function of X max for proton initiated showers at E = 10 19 eV and for EPOS-LHC [5] /FLUKA [6] as high/low energy hadronic interaction models.
The behavior of R(X max ) allows us to perform a linear parameterization in the form R(X max ) = p 1 · X max + p 0 . Afterwards, p 1 and p 0 are parameterized as a function of energy for each primary, as shown in figure 2. This process was performed by using a set of 200 CORSIKA showers for each fixed energy (10 18.5 , 10 19.0 and 10 19.5 eV) and each primary (proton, helium, nitrogen and iron). The zenith angle was set to 38 • . Naturally, the choice of a different high-energy hadronic interaction models implies different parameters. 
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Potential 
Mass Composition Scenarios
In order to test the potentiality of muon measurements in discriminating the cosmic ray composition, we have chosen two possible scenarios of mass composition evolution. One is inspired by the composition fits performed to the Pierre Auger Observatory X max measurements and another comes essentially from astrophysical considerations. These scenarios are described below.
• Auger X max : It was shown by Pierre Auger Collaboration that the measured X max distributions can be well described by a mixture of four components (proton, helium, nitrogen and iron) [7] . The fractions of each component were obtained by fitting to the data a set of Monte Carlo simulations generated by the two recently updated hadronic interaction models (QGSJetII-04 [8] and EPOS-LHC [5] ). One of the composition scenarios used in this work is based on the results of the X max distributions fits for EPOS-LHC.
• Allard et al.:
The second example of composition scenario was proposed by Allard et al. [9] and has astrophysical motivations. In this model it is assumed that the sources of UHECR are extragalactic with mixed composition. The ankle in the spectrum is well described, as well as the X max measurements up to the date of the publication of the scenario. In Ref. [9] this model is called Model A.
The fractions for each component as a function of primary energy for each scenario are shown in figures 4a and 4b. A polynomial fit was performed in the Auger X max scenario in order to make the energy evolution of each component smooth. Besides these two scenarios, the pure proton and pure iron compositions are also shown as reference. 
Energy Evolution of log 10 N µ Moments
Using the method developed to produce the distributions of the number of muons on the ground we can now investigate the expected energy evolution of log N µ , its first and second moment, for the composition scenarios introduced in the previous section. The CONEX simulation set used in this analysis contains 20000 showers in each energy bin of ∆ log 10 E = 0.1 for each primary (proton, helium, nitrogen and iron), uniformly distributed in log 10 E. The zenith angle was chosen to be fixed at 38 • . The contribution of each shower to the distributions of log 10 N µ is weighted according to the cosmic ray energy spectrum measured by Pierre Auger Observatory [10] and the primary fraction in a given composition scenario.
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Potential of muon measurements on the determination of the cosmic ray composition In order to get a more realistic assessment of the evolution of the observables with energy the detector resolution was also taken into account. This was emulated by applying a Gaussian smearing of width σ N µ to the N µ distributions. In figure 5 we show the detector resolution considered in this work. The resolution is 30% for N µ = 6 · 10 6 (E ∼ 10 18.5 eV for proton induced showers) and the asymptotic detector resolution for high energies is 8%.
In figures 6a and 6b we show the evolution of log 10 N µ and RMS(log 10 N µ ) with energy without taking into account the detector resolution. The plotted values are divided by the proton (iron) expectation values for log 10 N µ (RMS(log 10 N µ )) for better visualization. The error bars represent the expected statistical uncertainty for 3 years of data taking with the full Pierre Auger Observatory array and events with a zenith angle within θ ∈ [20 • ; 40 • ]. In figures 6c and 6d we show the same plots but taking into account the detector resolution presented in figure 5 .
One can clearly see from the plots on figure 6 that predicted composition scenarios are significantly different concerning the energy evolution of the log 10 N µ moments.
Even if the comparison with data were to be hampered due to uncertainties on the hadronic interaction models or the absolute energy scale, the trending of the scenarios could help to verify/falsify them. This is extremely important as we have indications that the Monte Carlo simulations present a deficit with respect to data [11] , and therefore the absolute values are not reliable.
Furthermore, the differences as predicted from simulations for both composition scenarios can suggests further studies on the possibility to distinguishing among composition scenarios by quantifying structures in the energy evolution of the log 10 N µ moments.
Conclusions
In this paper we presented a fast simulation technique which enables the generation of a large set of simulated showers to be used for performing statistical analysis of N µ distributions. This simulation method was used in order to predict the energy evolution of log 10 N µ first and second moments for two possible mass composition scenarios.
With this exercise it has been shown qualitatively that the mass composition scenarios can be distinguished not only on the absolute value but also assessing the energy evolution of log 10 N µ
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Potential of muon measurements on the determination of the cosmic ray composition moments. The latter is of the utmost importance as it is insensitive to shifts on the absolute scale of the observables caused by the uncertainties on the hadronic interactions or on the absolute energy reconstruction.
